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Abstract: - Many generalizations of the Enestrom -Kakeya Theorem are available in the literature. In this paper 
we prove some results which further generalize some known results. 
Mathematics Subject Classification: 30C10,30C15 

Keywords and phrases:- Complex number, Polynomial , Zero, Enestrom - Kakeya Theorem. 

I. INTRODUCTION AND STATEMENT OF RESULTS 

The Enestrom -Kakeya Theorem (see[6]) is well known in the theory of the distribution of zeros of 
polynomials and is often stated as follows: 

n 

Theorem A: Let P(z) = ^ Cl jZ j be a polynomial of degree n whose coefficients satisfy 

7=0 

«„ ^ ^ > « x > « 0 > 0 . 

Then P(z) has all its zeros in the closed unit disk |z| < 1 ■ 

In the literature there exist several generalizations and extensions of this result. Joyal et al [5] extended 
it to polynomials with general monotonic coefficients and proved the following result: 





jZ J be a 








> > 


in 








kl 



\z\< 

Aziz and zargar [1] generalized the result of Joyal et al [6] as follows: 

n 

Theorem C: Let P{z) = ^ a ,. Z J be a polynomial of degree n such that for some k > 1 

7=0 

ka n > a n _ x > > a x > a 0 . 

Then P(z) has all its zeros in 

|z + £-l|< 



ka n - 


a 0 


+ 











For polynomials , whose coefficients are not necessarily real, Govil and Rahman [2] proved the following 
generalization of Theorem A: 

n 

Theorem C: If P{z) = '^ l < 2 jZ J is a polynomial of degree n with Re(a j ) = a } and ImOp = ft ., 

7=0 

j=0,l,2, ,n, such that 

«» ^ >«! >a () >0, 

where CC n > 0 , then P(z) has all its zeros in 
| Z |<l + (— ■ 

°-n 7=0 

Govil and Mc-tume [3] proved the following generalisations of Theorems B and C: 
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n 

Theorem D: Let P(z) = '^ l a jZ J be a polynomial of degree n with Re(a ; ) = a ■ and Im(<3 j ) = /3 J 
j=0,l,2, ,n. If for some k > 1, 



ka n > a n _ x > > a l > a Q , 

then P(z) has all its zeros in 



\z + k -1| < 



koc„ -oc 0 + \cc 0 \ + 2*T\fi 

j=o 

\ot„\ 



n 

Theorem E: Let P(z) = ^ j a j Z J be a polynomial of degree n with Re(a j ) = <2 ; and ImO ; ) = f3 j7 

7=0 

j=0,l,2, ,n. If for some k>\, 

kP n >P n -r> >A>P 0 , 

then P(z) has all its zeros in 

|z + £-l| < p— : ^° ■ 

M. H. Gulzar [4] proved the following generalizations of Theorems D and E: 

n 

Theorem F: Let P(z) = ^ a jZ j be a polynomial of degree n with Re(a ; ) = 



and lrp(a j ) = j3 j , 



some real numbers p>0, 0 < // < 1, 

then P(z) has all its : 



1=0,1,2, ,n. If for 

c 

! zeros in the disk 



z + 



P 



< 



n 

p + a n + 2\a 0 1 - //(« 0 + |« 0 1) + 2^ |/? 



7=0 



Theorem G: Let P(z) = ^ a jZ J be a polynomial of degree n with Re(a ; ) = cCj and Im(a ; ) = /jV, 

7=0 

j=0,l,2, ,n. If for some real number p > 0 , 

then P(z) has all its zeros in the disk 



Pn 



< 



n 

p + p n + 2\p 0 1 - ju(P Q + \P 0 1) + 2^ |a . | 

7=0 



\Pn\ 



In this 



/ n \f n | 

i paper we give generalization of Theorems F and G. In fact, we prove the following: 

n 

Theorem 1: Let P(z) = ^UjZ 1 be a polynomial of degree n with Re(<3 i ) = a ■ and ImO ; ) = fi., 

7=0 

j=0,l,2, ,n. If for some real numbers X,p>0, \<k<n, a n _ k # 0,0 < jU < 1, 

P + a n > a n _ x > ...a n _ k+l >Aa n _ k > a n _ k _ x > ... > a, > /mx 0 , 

and CC n _ k _ l > CC n _ k , then P(z) has all its zeros in the disk 

n 

p + a n +(A- \)a n _ k + \A- l\\a n _ k \ + 2\a Q \ - ju(a 0 +\a 0 \ + 2^ \p. | 

7=0 



z + — 



< 



a n \ a n 

and if CC n _ k > CC n _ k+l , then P(z) has all its zeros in the disk 
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Z + 



P 



p + a n +(l- X)a n _ k + 11 - A\a n _ k \ + 2\a Q \ - ju(a 0 +\a 0 \ + 2^ \p. | 



< 



7=0 



\a 



Remark 1: Taking A = 1 , Theorem 1 reduces to Theorem F. 
If a j are real i.e. /3 ■ = 0 for all j, we get the following result: 

n 

Corollary 1: Let P(z) = '^ j CljZ j be a polynomial of degree n. If for some real numbers A,p>0, 

7=0 

1 < k < n,a n _ k * 0, 0 < /u < 1, 

P + a n > a n _ x > ... > a n _ k+1 > Aa n _ k > a n _ k _ x > ... >a x > pa Q , 
and d n _ k _ { > Ct n _ k , then P(z) has all its zeros in the disk 

P 



Z + 



< 



p + a n +(A- \)a n _ k + \A - 


-1 


a , 

n—K 


+ 2a 0 


-ju(a 0 + 


«o ) 




a n 





and if Cl n _ k > a n - k +\ ■> then P(z) has all its zeros in the disk 
P 



Z + 



< 



p + a n +(l- X)a n _ k + 


1- 


A 


a n-k 


+ 2a 0 


-ju(a 0 + 


«o) 









If we apply Theorem 1 to the polynomial -iP(z) , we easily get the following result: 

n 

Theorem 2: Let P(z) = ^ l < 2 j Z J be a polynomial of degree n with Re(a ; ) = a ; and Im(a ; ) = f3 } , 

7=0 

j=0,l, 2, ,n. If for some real numbers A,p>Q, \<k < n,a n _ k * 0, 0 < jU < 1, 

P + Pn> Pn-1 > ■- > Pn- k+ l * ¥ ' n- k * >••>#> M> - 

and P n _ k _i > J3 n _ k , then P(z) has all its zeros in the disk 



Z + 



P 



p + p n + (A - \)P n _ k l\\P n _ k | + 2\p 0 1 - ju(P 0 + \p 0 1) + 2^ k I 



< 



7=0 



and if P„_ k > P„^\ , then P(z) has all its zeros in the disk 



Z + 



P 



p + P n +(l- A)P n _ k + 11 - A\\P n _ k I + 2|/? 0 1 - ju(P 0 + \P Q |) + 2^ k I 



< 



7=0 



Remark 2: Taking A = 1 , Theorem 2 reduces to Theorem G. 

n 

Theorem 3: Let P{z) = jZ j be a polynomial of degree n such that for some real numbers A, , p > 0, 



7=0 



1 < k < n, a n _ k * 0, p,0 < ju < 1, , 

\p + a n \> k_j |>...> k , +1 1 > A|a„_, I > k^ I > . . . > \a, I > \a 0 1 



and 



arga r p\<a<—,j = 0,1, ^. 



If k-*-i > (i-e. A > 1 ) , then P(z) has all its zeros in the disk 
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[\p + a n |(cos« + sin a) - \a n _ k \(cosa - sin a - Acosa - A sin a - A + 1) 



n-l 



z + - 



+ //|a 0 |(sina -cosa -1) + 2|a 0 | + 2sina 



< 



j=Uj*n-k 



\a„ 



^ \ a n-k | > l^n-zt+i I ^- e - A,<\), then P(z) has all its zeros in the disk 



z + 



p 



[\p + a n |(cosa + sin a) + \a n _ k |(cosor + sin a - A cosa + A sin a + 1 - X) 

n-l 

+ ju\a 0 \(sina -cosa - 1) + 2|a 0 | + 2 sin a 



< 



j=l,j^n—k 



Remark 3: Taking X — 1 in Theorem 3 , we get the following result: 

n 

Corollary 2: Let P(z) = ^ a j ,z 1 be a polynomial of degree n. If for some real numbers /?>0,0<//<l, 
then P(z) has all its zeros in the disk 



n-l 



z + 



p 



a. 



[\p + a n |(cos« + sin a) + ju\a 0 |(sin a - cosa - 1) + 2|a 0 1 + 2 sin ] 



< 



Remark 4: Taking p = (k — l)a n , k > 1 in Cor.2, we get the following result: 

n 

Corollary 3: Let P(z) = '^ J a jZ i be a polynomial of degree n. If for some real numbers /7>0,0<//<l, 

k \ a „\^\ a n-i\^ ^klM fl ol> 

then P(z) has all its zeros in the disk 



n-l 



Z + 



p 



[k\a n \(cosa + sin a) + //|a 0 |(sin« -cosa -1) + 2|a 0 | + 2sin«^|a J .|] 



< 



Taking p = (k — l)a n , k > 1 , and /J = 1 in Cor. 3, we get a result of Shah and Liman [7,Theorem 1]. 

II. LEMMAS 

For the proofs of the above results , we need the following results: 

n 

Lemma 1: . Let P(z)=^a^Z J be a polynomial of degree n with complex coefficients such that 



71 



|arg«j - P\ ^ OC < — , j ' = 0,1, . . n, for some real /?. Then for some t>0, 



\ta, 



■a._^< ?|a / .|-|a / ._ 1 |]cosa + t\a\^ + 



a 



sin a. 



The proof of lemma 1 follows from a lemma due to Govil and Rahman [2]. 

Lemma 2.1f p(z) is regular ,p(0)^0 and |j?(z)|^Min |z|<l, then the number of zeros of p(z)in 
\z\ < S,0 < 8 < 1, does not exceed — — r log v——; (see[8],pl71). 



log 



1 



\p(P)\ 
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III. PROOFS OF THEOREMS 

Proof of Theorem 1: Consider the polynomial 

F(z) = (l-z)P(z) 

= (l-z)(a n z" +a n _ l z"~ 1 + .+ a x z + a 0 ) 

= -a n z n+1 +(a n -a„_ 1 )z" + .+ (a n _ k+x -a n _ k )z"- k+1 +(a n _ k -a n _ k _ x )z"- k 



+ (a n _ k _ x -a n _ k _ 2 )z n ~ k ~ x + + (a x -a 0 )z + a 0 

= -(a n + ifi n )z n+l +(a n -a n _ x )z" + + (a n _ k+x -a n _ k )z 



n-k+l 



+ (a n -k -a n -k-i)z n ~ k +ioc n _ k _ l -a n _ k _ 2 )z n - K - i + .+ (<*, -jua 0 )z 

n 

+ (ju- l)a Q z + a 0 + ij^ (/?, - P hX )z j + ijB 0 
7=1 

If a n-k-\ > a n-k » then a n-k-\ > 01 n-k > and We haVe 

F(z) = -(a n +ij3 n )z" +l -pz n +(p + a n -a n _ x )z n + + (a n _ k+x -a n _ k )z n ~ k+1 

+ (Aa n _ k -a n _ k _ x )z n - k -(A-l)a n _ k z n - k + (a n _ k _ x -a M )z M + 



n-k-l 



+ (a, - pa 0 )z + (ju~ l)a 0 z + a o + ^(fij ~ J 3 j -i)z j + ij3 0 . 



For Id > 1, 



F(z)\ > \a n z n+ +pz n \-\(p + a n -a n _ x )z n +{a n _ x -a n _ 2 )z n ~ + + (cc n _ k+x -a n _ k )z 

+ (Aa n _ k -a n _ k _ x )z n - k +(A-l)a n _ k z"- k + (a n _ k _ x -a M ) z ^+ 

n 

+ {a x -jua 0 )z + (ju-l)a 0 z + a 0 + ~Pj-i)z J + ifi 0 \ 



n-k+l 



\a n z + p\- 



7=1 

(p + a„- a n _ x ) + (a n _ x - a n _ 2 )- + .+ (a n _ k+1 - a n _ k ) 

z z 



+ (Aa n _ k - a n _ k _ x )\-{X- \)a n _ k \ + (a n _ k _ x - a n _ k _ 2 ) + .... 

z z k +i 

+ (a,- / ,a 0 )4 r + (/ ,-l)% + ^ + i i;( / S J - / S J _ 1 )4 7+ ,4 | ] 
Z Z Z j=\ z z 



>\z\ \\a n z + p\-{ \p + a n -a n _ 1 \ + \a n _ l -a n _ 2 \ + .+ \a n _ k+x - a n _ k \ 

+ \Aa n _ k - a n _ k _ x I + U - l\\a n _ k I + \a n _ k _ x - a n _ k _ 2 1 + + \a x - /ia 0 1 



+l^-i|«ol+l«ol+EK' -Pi-i\+\P<\ } 1 



7=1 



>\z\"\a n z + p\-{p + a n - a n _ x + a n _ x - a n _ 2 + .+a n _ k+x - a n _ k + Xa^ - a n _ k _ x 

+ K - l \\ a n-k | + a n-k-X ~ a n-k-2 + + «1 ~ M<*0 + C 1 ~ M)\<Xo I 

+ \<*o\ + iZ\Pi 

7=0 
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= \z\" \a n z + p\- [{p + a n +(A- \)a n _ k + l\\a n _ k \ - ju(a 0 + \a 0 1) + 2\a c 



7=0 

>0 



if 



n 

\a n z + p\>p + a n + (A-l)a n _ k + \X -l\\a n _ k \ - ju(a 0 + \a Q \) + 2\a 0 \ + 2^\j3j\ 

7=0 

This shows that the zeros of F(z) whose modulus is greater than 1 lie in 

n 

p + a n +(A- \)a n _ k l\\a n _ k \ + 2\a 0 \ - /j(a 0 + \a 0 1) + 2^ |^ 



z + 



P 



< 



7=0 



\a. 



But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the 
zeros of F(z) lie in 



Z + 



P 



p + a n +(A- \)a n _ k l\\a n _ k \ + 2\a Q | - /j(a Q + \a 0 1) + 2^ \fij \ 
< 



Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in 

n 

p + a n +(A- \)a n _ k l\\a n _ k \ + 2\a 0 \ - /j{a 0 + \a 0 1) + 2^ \pj \ 



z + 



P 



< 



7=0 



\a. 



-k+i 



If a n _ k > a„^ +1 ,then a n _ k > a,^, and we have 

F(z) = -(a n +ij3 n )z n+l -pz n +(p + a n -a n _ x )z n + +(a n _ k+l -Aa n _ k )z n 

+ -a M )z^ -d-X)a n _ k z n - k+1 +(a n _ k _ 1 -a n _ k _ 2 )z M + 

n 

+ (a 1 -//« 0 )z + (//-l)« 0 z + « 0 +ij^(j3j ~ P h i)z J +ip Q . 

7=1 

For |z| > 1, 

\F(z)\ > \a n z n+l +pz n \-\(p + a n -a n _,)z n +(a n _ 1 -a n _ 2 )z n -' + + (a n _ M -Xa n _ k )z n 

+ {a n - k -a n - k -x)z -(l-A)a n _ k z + (a n _ k _ x -a n _ k _ 2 )z + 

n 

+ («! - //a 0 )z + (ju - l)a 0 z + a 0 + ij^ (J3j - (5 ._ x )z j + i/3 Q \ 

7=1 



= \z\ 



\a n z + p\- 



(p + a n - a n _ x ) + {a n _ x - a n _ 2 )- + .+ (a n _ k+1 - Aa n _ k ) 

z z 



+ («„-* ~ ) \ ~ (1 - %)a n _ k -^r + (<*„_*_, ~ a n _ k _ 2 ) ^ + • 
z z z 



+ (a 1 -^ 0 )4 r + ( / ,-l)^ r + ^ + /X(^.-^ 1 )J- + 4 | ] 

7 7 7 ■ , 7 J 7 



> 



z ' z z — ' z" ' z 

\z\"hn Z + p\~{ \p + 0( n - a n-l\ + \ a n-l ~ «„-2 | + + ~ 
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+ K-* - «„_*-! I + I 1 - H<*n-k | + K-t-i " a„-*-2 1 + + |«1 " y"«o | 

« 

+ 1// - l||a 0 1 + 1« 0 1 + E l^y - ^-i I + I A, I } ] 

7=1 

+ 1 1 - | + «„-*_! " + + a, - //« 0 + C 1 " ^)|«o | 

+ K| + 2X|A| }] 

7=0 

kz+p|-{p+«„ +( 1 -^)«„-* + 1 1 - ^IK-J - m« 0 +|«o|)+ 

2|o 0 | + 22|^|} 
j=° 

>0 



if 



\a„z + p\> p + a n + (l-A)a n _ k + |l - X\a n _ k \ - ju(a 0 + |a 0 |) + 2|a 0 | + 2^|/?.| 



7=0 



This shows that the zeros of F(z) whose modulus is greater than 1 lie in 



Z + 



P 



p + a n + (1 - X)a n _ k + 11 - A|a B _ t | + 2|a 0 1 - M«o + |«o |) + 2 Z 1^7 1 



< 



7=0 



But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the 
zeros of F(z) lie in 



Z + 



P 



p + a n + (1 - X)a n _ k + 11 - X\a n _ k \ + 2\a 0 \ - /j(a 0 + \a 0 1) + 2^ \p. | 



< 



7=0 



\a 



Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in 



Z + 



P 



p + a n + (1 - X)a n _ k + 11 - A|a B _ t | + 2\a 0 \ - /j(a 0 + \a 0 1) + 2^ I 



< 



7=0 



That proves Theorem 1 . 

Proof of Theorem 3: Consider the polynomial 

F(z) = (l-z)P(z) 

= (l-z)(a n z n +a n _ l z"~ 1 + .+ a lZ + a Q ) 

= -a n z n+X +(a n -a n _ 1 )z" + .+ (a n _ k+1 -a n _ k )z n - k+l +(a n _ k -a n _ k _ x )z n - k 

+ (a n _ k _ l -a n _ k _ 2 )z n ~ k ~ x + + -a Q )z + a 0 . 

H \ a n -k-i\- > \ a n-k\>ti lm \ a n-k+i\ > \ a n-k\ ' ^< > 1 and we have, for |z| > 1, by using Lemmal, 

\F(z)\>\a n z n+l +pz n \-\(p + a n -a n _,)z n +(a n _ l -a n _ 2 )z"- 1 + + (a n _ k+1 -a n _ k )z n ~ M 

+ {Aa n _ k -a M )z~* +(A-l)a n _ k z"- k + (a n _ k _ 1 - a M )z M + 

+ («i -jua 0 )z + (ju- l)a 0 z + a 0 \ 
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\a n z + p\ 



(p + a n - a n _ x ) + {a n _ x - a n _ 2 )- + .+ (a n _ k+1 - a n _ k ) 

z z 



+ i^n-k ~ a „-k-l ) \ + (*> ~ l ) a n-k ~T + ^n-k-l " a n-k-2 ) + • 

z z z 



+ (ju 


-1) 


«0 , 


a 0 








z" 


+ a n - 


~ a n- 


-il+k- 


-1 


\ + \X 


-1 


«»-*! + 


k- 



«„-2 + - + \ a 



n-k+l ^n-k 



+ \/J - l||a 0 | + |a 0 | } ] 
> |z| " [ja„z + /?| - { (\p + a n | - \a n _ x |) cosa + (|p + a„ \ + \a n _ x |) sin a 

+ (|«„-i | " K-2 1) cosa + (|a n _! | + |a„_ 2 1) sin a + .+ (k_ i+1 | - \a n _ k |) cosa 

+ ( k-* + i | + K-k |) sin a + (/L|a„_, | - \a n _ k _, |) cosa + (/L|a„_, | + k_ t _j |) sin a 

+ 1^ " | + (k-*-i | " 1) c °s« + | + k_*_2 1) sin a 

+ + (|a x | -//|a 0 |)cosa + (k| + //|a 0 1) sin a + (1 - //)|a 0 1 + |a 0 |} ] 

= |z|" [ja„z + p| - {|p + a n |(cosa + sin a) - k_ t |(cosa - sin a - /Icosa - /I sin a 

n-l 



- /I + 1) + //|a 0 |(sin a -cosa + 1) + 2|a 0 | + 2 sin a ^k|} ] 

j=l,j*n-k 



>0 



if 



|a n z + p| > |p + a n |(cosa + sina)-|a n _ fc |(cosa-sina-/lcosa-/Lsina 



- X + 1) + ju\a 0 |(sin a - cos a - 1) + 2|a 0 | + 2 sin a X k' I 

j=hj*n-k 

This shows that the zeros of F(z) whose modulus is greater than 1 lie in 

[\p + a n |(cosa + sin a) - \a n _ k |(cosa - sin a - X cosa - X sin a - X + 1) 

n-l 

+ //|a 0 |(sina -cosa -1) + 2|<3 0 | + 2sina ^ a ■ |] 



z + 



P 



< 



j=hj*n-k 



But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the 
zeros of F(z) lie in 

[\p + a n |(cosa + sin a) - \a n _ k |(cos« - sin a - X cosa - X sin a - X + 1) 

n-l 

+ //|a 0 |(sina -cosa -1) + 2|<3 0 | + 2sina ^ a ■ |] 



z + 



P 



< 



j=hj*n-k 



Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in 

[\p + a n |(cosa + sin a) - \a n _ k |(cosa - sin a - X cosa - X sin a - X + 1) 



n-l 



z + 



p 



+ ju\a 0 \(sina -cosa -1) + 2|a 0 | + 2sina ^ a y . ] 



< 



j=l,j*n-k 
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If \ a n-k | > k-*+i | ' t h en \ a n-k \ > k-*-i \ < A, <\ an d we have, for |z| > 1. by using Lemma 1, 

\F{z)\ >\a n z n+X + pz n \-\(p + a n -a n _ x )z n +(a n _ i -a^z"' 1 + .+ (a n _ k+l - Aa n _ k )z"- k+l 



+ («„-* ~a M )z n - k -(l-A)a n _ k z- k+i +(a n _ k _ l -a n _ k _ 2 )z 
+ {a x - jua Q )z + (ju- l)a a z + a 0 

= \z\ \a n z+p\- 



n-k-l 



(p + a n - a n _ x ) + (a„_, - a n _ 2 )- + + (a n _ k+l - Aa n _ k ) 

z z 



+ («„-* " <ln-k-l ) ~T ~ 0- ~ X ) a n-k + ^n-k-l - a n-k-2 ) + ' 

z z z 

+ (fl 1 - /t ^ 0 )— I j 



>M"lkz + p|-{ - a »-il + k-i - a «- 2 |+ -^n-kl 

+ \ a n-k ~ a n-k-\ | + I 1 " A\ a n-k \ + \ U n-k-l ~ <* n-k-2 \ + + |«1 ~ f**0 I 

|// - l|a 0 | + \a 0 \ } ] 

- M" D a » z + P\~{(\P + a n\~ K-i |) cosa + (|p + a n | + |a n _j |) sin a 

+ (|a n _j | - |a n _ 2 1) cosa + (|a B _j | + |a n _ 2 1) sin a + .+ (|a„_ t+ i | - |/ltf n _* |) cosa 

+ ( k-* + i | + fa** |) sin a + | - \a n _ k _, |) cosa + (\a n _ k \ + \a n _ k _ x |) sin a 
+ 1 1 " I + (K-*-i I " \ a n-k-i |) cosa + (\a n _ k _, | + |a„_,_ 2 1) sin a 

+ + (|aj| -//|a 0 |)cosa + + //|a 0 |)sina + (l-//)|a 0 | + k|} ] 

= \z\" \a n z + p\ — {\p + a n |(cosa + sin a) + \a n _ k |(cosa + sin a - A, cosa + A- sin a 



n-l 



+ 1 - A) + //|a 0 |(sin a - cosa - 1) + 2|a 0 | + 2 sin a ^k|} ] 

j=\,j*n-k 



>0 



if 



|a n z + /?| > |/? + aJ(cosa + sina) + |a n _J(cosa + sina-/lcosa + /lsina 



n-l 

+ 1 - A) + ju\a 0 |(sin a - cos a - 1) + 2|a 0 1 + 2 sin a X k' | 

j=\,j^n—k 

This shows that the zeros of F(z) whose modulus is greater than 1 lie in 

[\p + a n |(cosa + sin a) + \a n _ k |(cosa + sin a - A cosa + A sin a + 1 - A) 

n-l 

+ ju\a 0 \(sma - cosa - 1) + 2|a 0 | + 2sina ^k|] 
< 



z + 



P 



j=l,j*n-k 



But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the 
zeros of F(z) and therefore P(z) lie in 

[\p + a n |(cosa + sin a) + \a n _ k |(cosa + sin a - A cosa + A sin a + 1 - A) 

n-l 

+ //|a 0 |(sina -cosa -1) + 2|a 0 | + 2sina ^ \a ■ |] 



z + 



P 



< 



j=hj*n-k 



That proves Theorem 3. 
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